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3. Applications of Derivatives

3.1 Motion in One Dimension

Consider an object whose motion is strictly in one dimension. Let y be the position of the object
and ¢ be the time and let y=y(¢) denote the equation for the position as a function of time. Then
the derivative or rate of change of the position is defined as the velocity of the object.

Definition of velocity.

>

3.1)

Also, the derivative of velocity (i.e. the second derivative of the position) is the acceleration.

Definition of acceleration.

dv_d’y

dt  df’

(3.2)

Example 3.1: The three graphs in Fig. 3.1 illustrate the
relationship between position, velocity and
acceleration. The top graph shows the position of an
object as a function of time. For this example we have
let the position be given by the formula y=5 1* for the
time period 0<¢<1 and byy=—5t2+20t— 10 for
1<t<2. For times t<0 the object is stationary at y=0
and for times #>1 it is stationary at y=10.

The middle graph shows the corresponding velocity of
the object as a function of time. It was produced by
taking the derivative of the top graph. Note that the
velocity is zero before time =0 and after time ¢=2.
Also the velocity is greatest at /=1 where the position
graph is steepest.

The bottom graph shows the acceleration of the object
as a function of time. It was produced by taking the
derivative of the middle graph. We see that the object
accelerates uniformly for 1 second and then decelerates
uniformly for 1 second.
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Figure 3.1 The derivative of position
is velocity. The derivative of velocity
is acceleration.
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Example 3.2: A person throws a rock downward at 15 m/s from the top of a 500m cliff. It can
be shown that neglecting air resistance, the height y of the rock above the base of the cliff at any
time ¢ is given by the formula y=500—-157-4.905 % (y is in meters, ¢ is in seconds). Find
formulas for the velocity and acceleration of the rock at any time and interpret them.

Solution: Take the first derivative of the height to get the velocity.

v= ay =-15-9.81¢
dt

Interpretation: At all times the velocity is negative, which means downward. Substituting in
t=0 gives v=—15m/s, the initial velocity. Thereafter the velocity varies linearly; every second
the downward velocity is 9.81 m/s more than in the previous second.

Now take the derivative of the velocity to get the acceleration.
a= v _ -9.81
dt

Interpretation: The acceleration due to gravity is a constant 9.81 m/s* downward.

Example 3.3: A person throws a rock upward at 5 m/s from the top of a 100m cliff. Using the
base of the cliff as distance zero and assuming a constant acceleration a=—9.81 m/s> (the minus
sign means downward), find the velocity v and height y of the rock at any time .

Solution: First we find the velocity. Acceleration is the derivative of velocity. Since dv/dt=a=
—9.81, this means that the velocity v must be v=—9.81¢+c, where ¢ could be any constant. But
we also know the initial velocity: v=+5 at t=0. Substituting this into the formula v=-9.81¢+c¢
implies that c=+5. Thus the velocity v is given by

v=-9.81¢+5.

Next we find the position. Velocity is the derivative of the position. Since v=dy/dt=—9.81¢+5,
this means that the position must be y=-4.905 1245 t+k, where k could be any constant. But we
also know the initial position of the rock: y=+100 at t=0. Substituting this into the formula
y=-4.905 50tk implies that k=+100. Thus the height y is given by

y=—-4.9051>+5+100.
Remark: Twice in this problem we were given the derivative of a function and were required to

find the function itself. Such a function is called an integral and the process that is the inverse of
differentiation is called integration. It is the subject of Chapter 5.
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Problem Set 3.1 — Motion in One Dimension

To answer the following questions use the fact that the velocity v is the derivative of the position s
(i.e. v=ds/dt), and that the acceleration « is the derivative of the velocity v (i.e. a=dv/dt).

1. The position s of an object at any time ¢ is given by s=t*+¢%. What is the velocity v and what
is the acceleration a at time =27

2. The position x of an object at time 7 is given by x=9 *+1.5¢% At what time does the velocity
equal 2? At what time does the acceleration equal 0?

3. An object is dropped from the top of a building that is 40 m tall. The distance s in meters that
the object has fallen after # seconds is given by the formula s=4.905 t*. What is its velocity of the
object when it hits the ground?

3.2 Electricity

3.2a The Charge-Current Relationship

Fig. 3.2 shows positive electric charges flowing to the right TVTOVTNN Jppun

past a reference point P on a wire. This flow constitutes an P

electric current to the right. The current is defined as the rate ¢

at which charge flows past the reference point. In other Figure 3.2 The electric current i
words, the current is the derivative of the charge with respect is the rate at which the charge g is
to time. Let i(¢) denote the current at time ¢ and ¢ (¢) denote flowing past some point P.

the total charge that has flowed past the reference point by the
time ¢. Then:

Definition of current. I

&|&
< e

(3.3)

The charge ¢ is measured in coulombs, the time # in seconds, and the current 7 in coulombs/
second or amperes.

3.2b The Current-Voltage Relationship for Capacitors

A capacitor essentially consists of two metal plates held very
close to each other but not touching. Fig. 3.3 shows a

schematic diagram of one. As above, imagine a current i of ¢

positive charges flowing to the right past point P and arriving i q I| / z i

at the left plate. This causes several things to happen: P i| \i

e The charges cannot cross the gap between the plates so }4—{
positive charge g collects on the left plate of the v
capacitor.

e These charges had to come from somewhere. In fact they E;ﬂ:;ﬁn?onctﬁgﬁti F:giglt:ni(;' g:::g: fq on

came via the grey length of wire from other plate. Charge the right plate. A voltage v proportional to g
q leaving the right plate means that an equal but opposite appears across the capacitor.
charge, —q, remains on the right plate.
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e Asnew positive charges arrive on the left plate they feel the repulsive force of the positive
charges that are already there. This repulsive force manifests itself as a voltage v appearing
across the plates with the direction shown in Fig. 3.3. Experiment shows that this voltage v is
proportional to the charge g. The proportionality constant is called the capacitance of the
capacitor and is denoted with the letter C. It has units of farads (abbreviation F), where
1 farad = 1 coulomb / 1 volt = 1 ampere-second/volt =1 second/ohm. Thus:

Charge—voltage relationship for capacitors q=C-v 3.4)

If like charges repel each other, why do the positive charges collect on the left plate at all; why
don’t they just spread out evenly in the wire around point P? The reason is that if the plates are
close together then the positive charges on the left plate also feel the attraction of the negative
charges on the right plate. In fact the voltage v that measures the repulsive force can actually be
lowered (or equivalently the capacitance C raised) by making the gap between the plates smaller.

Let’s differentiate both sides of (3.4). Since the derivative of charge is current (Eq. (3.3)) and
since C is a constant, (3.4) becomes:

Current—voltage relationship for capacitors i=C — 3.9

From a mathematical point of view equation (3.5) is the defining formula for capacitors. The
important thing to notice about (3.5) is that the current i is not proportional to the voltage v like
for a resistor, where v=iR. Rather the current is proportional to the rate of change of the voltage.

Example 3.4: The graphs in Fig. 3.4 illustrate the voltage v developed across capacitor
current—voltage relationship for a 1 farad capacitor. The
top graph shows the voltage across the capacitor as a
function of time. For this example we have let the
voltage be zero until time =0, then rise steadily at 10
volts/sec for 1 second, then drop steadily back to zero at ‘ ‘ time ¢
10 volts/sec for the next second, and then remain zero. 0
The formulas for the voltages are as shown in the upper ' '
graph. Note that a graph of the charge ¢ on the capacitor current { flowing onto capacitor
would have the same shape since the charge and voltage —

are proportional.

v=10¢ v=-107+20

The bottom graph shows the current flowing onto the
capacitor that would produce this voltage. It was Pi=-10
calculated by applying (3.5) to the voltage formulas in the
upper graph. We see that the current is steady at 10 amps
for 1 second. Then the current reversed itself and is Figure 3.4 Current-voltage
steady at —10 amps (i.e. in the opposite direction) for the relationship for a 1 F capacitor.
next second. Then it is stopped.
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3.2¢ The Current—Voltage Relationship for Inductors

An inductor is essentially a length of

wire wound into a coil. The behavior

of an inductor is based on two facts.

The first fact, discovered by Hans

Christian Orsted in 1820 (during a

classroom lecture!), is that an electric Figure 3.5 A currentin a coil

current  flowing in a wire produces a produces a magnetic field 8
. . . that is proportional to current /. —

magnetic field in the region around the (The compasses can be used

wire. The magnetic field, denoted B, to visualize the field.)

can be concentrated by winding the

wire into a coil as shown in Fig. 3.5. It

is found that the strength of the )

magnetic field B at any point in space

around the coil is proportional to the

current i flowing in the coil.

4

magnetic figld B

i
O

current i

A

) (=

Boci (3.6)

The second fact is called Faraday’s law
of induction. It was discovered by him B field
in 1831 using a bar magnet and a wire

coil connected to a voltmeter as shown - N
in Fig. 3.6. The bar magnet possesses a
magnetic field and by moving the bar

magnet toward or away from the coil he move the

could change the magnetic field in the magnet voltmeter —V/O\‘FV
region around the coil. He discovered measures /
that as the magnet moved toward the voltage v

coil, the increasing magnetic field B

near the coil induced a voltage +v in the

coil. As the magnet moved away from Figure 3.6 A changing magnetic field near
the coil the decreasing magnetic field the coil caused by a moving magnet induces

induced the opposite voltage —v. When a voltage v across the leads of the coil.

the magnet was stationary no voltage
was detected; v=0.

He also noticed that having more windings on the coil or using a stronger bar magnet or moving
the magnet faster produced a greater effect. He concluded that the voltage v induced in the coil
was proportional to the rate of change of the magnetic field B near the coil.

dB

The next thing Faraday realized was that he didn’t need a moving bar magnet to create a changing
magnetic field. He could use Orsted’s discovery. Since a current-carrying coil creates its own
magnetic field proportional to the current, he could create a changing magnetic field by simply
changing the current flowing in the coil. Together, these two facts, (3.7) and (3.6), imply that the
coil has the property that a voltage is induced across the coil which is proportional to the rate of
change of the current in the coil.

dB di

ve— and Boxi 5 voe— 3.8)
dt dt
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Any device having this property is called an inductor. The inductance of the inductor is defined
as the voltage in volts that is induced when the current is changing at the rate 1 ampere/second.
The inductance is denoted by the letter L and is measured in units called henrys (abbreviated H).

1 henry = 1 volt / (1 amp/sec) = 1Q-sec. For example, if 5 volts is induced across an inductor
when the current through it is increasing at 1 amp/sec, then its inductance is L=5 H.
Incorporating this proportionality constant, (3.8) can be written like this:

Current—voltage relationship for inductors v=L — 3.9

From a mathematical point of view equation (3.9) is the defining formula for inductors. The
important thing to notice about (3.9) is that the voltage v is not proportional to the current i like
for a resistor, where v=iR. Rather the voltage is proportional to the rate of change of the current.

Two excellent interactive simulations that can help you understand capacitance and
inductance are available for free on the web. They are written in java so they will run on
any computer. They can be downloaded from http://phet.colorado.edu

Capacitor Lab. You can change the gap between the plates or the area of the plates of
a capacitor and measure the resulting charge and voltage. You can also put a
dielectric between the plates and see the effect.

Faraday’s Electromagnetic Lab. You can move a bar magnet toward and away from a
coil and see how the changing magnetic field induces a voltage. You can see
how an electromagnet produces a magnetic field. You can put the two effects
together and create a generator!

current / flowing through inductor

Example 3.5: The graphs in Fig. 3.7 illustrate the
current—voltage relationship for a lhenry inductor. The 10
top graph shows the current flowing through the inductor

as a function of time. For this example we have let the

current be zero until time =0, then rise steadily at 10

amps/sec for 1 second, then drop steadily back to zero at ‘ time ¢
10 amps/sec for the next second, and then remain zero.
The formulas for the currents are given in the upper
graph.

i=-10t+20

voltage v induced across inductor

10—
The bottom graph shows the resulting voltage that is ‘
induced across the inductor. It was calculated by i time ¢
applying (3.9) to the current formulas in the upper graph. 2
We see that a constant positive voltage is induced in the L v=-10
first second and a constant negative voltage in the next
second.

Notice that there is no induced voltage before =0 and

after =2. This is because the current is not changing, and
not because there is no current.

Figure 3.7 Current-voltage
relationship for a 1 H inductor.

<
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Summary. Fig. 3.8 shows a schematic of each of the basic loads: resistor, inductor and capacitor.
In each case let i (#) denote the current flowing to the right at time ¢ and let v(#) denote the voltage

on the left side of the load relative to the voltage on the right at time #. The voltage and current
are related by these formulas:

V=IiR v=L— i=C —
d

i R i L
A

Figure 3.8

ELI the ICE man. Use this phrase to remember the current—voltage relationship for inductors
and capacitors. Put an = sign after the first letter and a derivative symbol ' at the end:

ELI ICE
E=LT I=CE'’
di dv
v=L — i=C—
dt dt

In addition to these current—voltage relations, we can use the following facts to analyze electric
circuits:

e Currents in parallel circuits add. Suppose that currents 7, and i, join together and flow
into a node. Then the total current i, flowing out of the node is given by

ip(1) =i, (1) + i, (1), (3.10)

where we have expressed all the currents as functions of time to emphasize that this is
true at each moment in time.

e Voltages in series circuits add. Suppose that two loads in series separately have
voltages v, and v, across them. Then the total voltage v, across the pair is given by

vp() = v, (1) + v, (1), (3.11)

where we have expressed all the voltages as functions of time to emphasize that this is
true at each moment in time.
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Example 3.6: Suppose that the voltage v in volts at time ¢ in seconds across a 0.1 F capacitor is
given by the formula
v(t)=61"+8.
(a) What is the charge on the capacitor at /=07
(b) What is the current through the capacitor when =4 sec?

Solution: (a) The charge on the capacitor at any time ¢ is can be found by using the charge—
voltage relation (3.4), namely ¢ = C-v, which gives

g=C-v=(0.1)-(6:+8).
Thus at time =0 the charge is
g(0)=C-v(0)=(0.1)(8)=0.8 coulombs.

(b) The current at any time ¢ can be found by using the current—voltage relation (3.5), namely
i=C LA , which gives
dt

i=C % =(0.1)-(9¢"*)=0.9¢",

so at time t=4 sec the current is 1.8 amperes.

<
S 100Q 20H
Example 3.7: In the series circuit in Fig. 3.9 the VA IR
current is known to follow the formula !
i(1)=3t"+2, e 1oy
when i is measured in amperes and ¢ in seconds. If Vr
R =100 Q and L=20 henrys then find the voltage v, ] o
across the circuit at time ¢=1/8 sec. Figure 3.9 Problem: given i, find v;.

Solution: The loads are in series. Use the appropriate current—voltage relation for each load.
V(1) =ve(t) + v, (1)

—Rit LY
dt

=100(3¢"*+2)+20.r%
This is the total voltage at any time £. When #=1/8 sec this reduces to
v,(1/8) =100(3[1/8]"+2)+20-[1/8]*?

=350+ 80 =430 Volts.
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Example 3.8: In the parallel circuit in Fig. 3.10 it is L TR
known that the current through the inductor is iy
i,(1)=317+61. ‘e >|4F
Find the total current i, flowing into the circuit. "
Solution: The voltage across the inductor and therefore Figure 3.10 Given i, find ir.

across the whole circuit is

() = LY = 2.(6116)
dt

= 12¢+12 volts.

The current through the capacitor is

io(t)y = C % = (4)(12) = 48 amps.

The total current at any time # is the sum of the two currents.

i (1) =i, (1) +io(1) =317 +61+48 amps.

Problem Set 3.2 — Electricity

To answer the following questions use these facts: Currents in parallel circuits add. Voltages in
series circuits add. The current i and voltage v are related by v=R-i for resistors, v=L-di/dt

for inductors and i = C-dv/dt for capacitors. R is resistance, L is inductance and C is
capacitance.

1. A voltage v=1>+2000 volts appears across a parallel RC combination where R=1MQ and C=
2 uF. Find the resulting current at any time ¢.

2. A 50kQ resistor shunts (is in parallel with) a 4 4F capacitor. The voltage across the capacitor
is v=10007*>+100 volts. Find i through the combination when r=0.001 s.

3. A voltage v=2x 107 #+200 volts appears across a parallel RC combination where R=200k Q
and C=120 pF. Find the resulting current at time ¢= 107 s.

4. A current i=107"+0.1 amps flows through a series R L circuit where R=800Q and L=320
henrys. Find the voltage across the circuit when /=0.04 sec.

5. The current through a 30 henry inductor and a 75 Q2 resistor in series is i=2 t*+1. After what
time ¢, in seconds, does the voltage across the combination equal 375 volts?

6. A 25kQ resistor shunts (is in parallel with) a 30 uF capacitor. The applied voltage is v=300¢
volts. At what time ¢ is the total current equal to 84 mA?

7. A series circuit consists of a 40 4F capacitor and a 200 henry inductor. The voltage across the
capacitor is 1000 ( i+l ) volts. Find the voltage across the inductor when #=1 sec.
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3.3 Curve Sketching

In this section we study how calculus can help us with the sketching of curves. Of course it is
useful to already know the general shape of various curves and Appendix A has information on
that. Think of calculus as a finishing tool that gives precise details of the curve such as where it is
rising and falling and where it has a maximum or minimum.

Note that in this section we will assume that the independent variable is x so our functions will be
denoted f(x) and we will draw the curve y = f(x) on the xy plane.

3.3a Ciritical Points

Critical points are the key or decisive points on the curve. They will be used in the next section.

Definition: x = c is a critical point of the function f(x) if f( ¢) exists and if either of the
following are true:
f'(c)=0 or f'(c)doesn’t exist.

Note: The condition “if f(c) exists” just means that ¢ is in the domain of the function. If a point is
not in the domain of the function then it is not a critical point. Here are more examples of what we

mean by existence: The function f(x)= x—£3 does not exist for x = 3 because division by zero is

undefined (has no meaning, so is not allowed). The function f(x)=~/x—2 exists only for x >2

because we are excluding complex numbers in this section.

Example 3.9: Find the critical points of (a) the polynomial function f (x)= X —6x"+9x-1,

X2 +1

(b) the square root function f(x)= Jx , and (c) the rational function f (x)=

X

Solution: For each function we start by stating the domain of the function and differentiating the
function. To find those critical points where f'(c) = 0 we set the derivative to zero and solve.
To find those critical points where f'(c) doesn’t exist we look in the derivative for divisions by
zero, imaginary numbers, etc.

(@) f(x)= x’ —6x* +9x—1. The domain for this (and every) polynomial is all x. The derivative
is f’(x)=3x"-12x+9. This is another polynomial so there are no critical points of the type
where f”(c) does not exist. Now we check if there are any critical points of the type where

/’(¢)=0. To do this we set the derivative to zero and solve.
3x* -12x+9=0—> ¥ —-4x+3=0 — (x-1)(x=3)=0
Thus the critical points are x =1 and x = 3. They are shown in Fig. 3.11(a) on the next page.

b) f(x)= Jx . The domain for this function is all x > 0. The derivative is f "(x)= %x% = ﬁ )
This derivative can never equal zero so there are no critical points of that type. The derivative
does not exist at x = 0 because that would cause a division by zero. (The derivative also doesn’t
exist for x < 0 because that results in imaginary numbers. However x < 0 is outside the domain of

the function anyway so we ignore that region.) Thus the only critical point is x = 0.
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x*+1 , x2x—(x"+1)1 g
(© f(x)= . The domain is all x # 0. The derivative is f’(x)= > ==
X x x

First let’s check if there are any critical points of the type f'(¢) = 0. To do this we set the
derivative to zero and solve for x.

x* -1

2
X

=0 -5 x*-1=0 > x*=1 > x=11

Now let’s look for points where the derivative does not exist. The derivative does not exist at
x = 0 because that would cause a division by zero. However x = 0 is not in the domain of the
function so it is not a critical point. Thus the only critical points are x = 1 and x = —1.

¥
y=x—-6x>+9x-1

L [

| |
|

T

(a) (b) (c)

Figure 3.11 The functions of Example 3.9. The critical points are the black dots.

3.3b Maximum and Minimum Values

Many applications involve finding the maximum or minimum values of functions. See Section
3.4 for examples. We distinguish between absolute maximum and minimum values and relative
maximum and minimum values. Here are the definitions.

Absolute

1. A function f(x) has an absolute (or global) maximum at x = c if f(c)2 f(x) for every x

in the entire domain of interest.

2. Likewise, f(x) has an absolute (or global) minimum at x = ¢ if f(c)< f(x) for every x
in the entire domain of interest.

Relative

3. Afunction f(x) has a relative (or local) maximum atx = c if f(c)2 f(x) for every x in

some two-sided, open interval surrounding the point x = c.

4. Likewise, f(x) has a relative (or local) minimum at x = ¢ if f(c)< f(x) for every x in

some two-sided, open interval surrounding the point x = c.
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y relative
absolute maximum
maximum relative ;
maximum !
cusp i )
" ! y=fx)
! ' i
Figure 3.12 The four types of ! ! |
maximum and minimum values. i ’ i | |
1 M 1 I 1
i relative ! ! corner :
! minjmum i | Lo
i i reldtive i
absolute i | ! ! S '
minimum[ ™"~ : : | i minjmunt
1 1 1 ! n ! 1
X, X, X, X, X5 Xo X,

Fig. 3.12 above illustrates the types.
Note:

1. If the graph is turned upside-down then each maximum of a certain type turns into the
minimum of that type, and vice versa. This is reflected in the fact that definitions 1 and 2 are
identical except for the < and > symbols, and the same goes for definitions 3 and 4. (Many

computer programs are designed to find the minimum of a function only. If you want them to

find a maximum then you must enter the negative of the function.)

2. Terminology: the plural of maximum is maxima (or maximums). Also maxima and minima
collectively are called extrema. We often abbreviate them as max’s and min’s.

3. Definitions 1 and 2 refer to the “domain of interest”. There may be other values of x that we
could plug into f(x) but we choose to exclude them, perhaps because they are unphysical. In
Fig. 3.12 the domain of interest is x, < x < x,, or using interval notation, [ x, , x,]. (Intervals

were discussed on page 11.)

4. Definitions 1 and 2 say that the absolute maximum (minimum) is the largest (smallest) value
that f(x) takes on in the domain of interest, but there can be complications:

a. Several points can share the title of absolute minimum. For example cos(x) takes on the
same absolute minimum value of -1 at x = zx, 3w, £5m, ...

b. It can happen that there is no absolute minimum. For example in Fig. 3.12 if we change
the domain of interest to the interval (x, , x,] (i.e. open at the left endpoint) then the

function no longer has an absolute minimum.

5. Definitions 3 and 4 say that a point x = ¢ is a relative maximum (minimum) if it is a
maximum (minimum) in some local area around c. It does not matter if there are larger or
smaller values of the function in other places.

6. Definitions 3 and 4 refer to “a two-sided, open interval surrounding the point x = ¢”. This
means that we are able to examine the function on both sides of ¢. This in turn means that
relative extrema do not occur at the endpoints of a domain. They only occur in the interior.

7. A search for the critical points of the function in Fig. 3.12 finds x», x3, x4, x5, and xs.

a. xpisacusp (a ‘needle point’ where the slope approaches infinity from both sides) and xs

is a corner (a point where the slope is finite but different on both sides). Both are critical

points of the type f'(c) doesn’t exist.

b. x3, x4 and xs are critical points of the type f'(c¢) = 0. x3 is a relative min, x4 is a relative
max, but xs is neither.

c. Thus a search for the critical points finds all the relative min’s and relative max’s but,
unfortunately, also finds points like xs which are neither.

8. The endpoints of the domain (x; and x7 in Fig. 3.12) have nothing to do with critical points.
The endpoints can be absolute extrema but (by definition) they cannot be relative extrema.
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Taking into account Note 7(c) above leads us to this procedure to find relative extrema:

Procedure to find the Relative (or Local) Extrema of a Function
1. Find the domain of interest. Find the critical points in the inferior of the domain of interest.

2. Apply the First Derivative Test to each critical point found in step one to identify the extrema:

First Derivative Test for Relative (or Local) Extrema

Suppose that x = ¢ is a critical point for the function f(x). Then:

o Iff'(x) <O to the left of x = ¢, and f'(x) > 0 to the right of x = ¢,
then x = ¢ is a relative minimum.

then x = ¢ is a relative maximum.
e Iff’(x) is negative on both sides of x = ¢, or

positive on both sides of x = ¢, then x = c is
neither a relative maximum nor a relative

minimum.

o Iff'(x)> 0 to the left of x = ¢, and f'(x) < 0 to the right of x = ¢, /\

Example 3.10: Find the relative extrema of the functions in Example 3.9.

Solution: Refer back to Example 3.9 for the domain of interest and the critical points of each
function. We start by showing them on a number line. Then we calculate the derivative at a
convenient test point in each interval between the various critical points and endpoints. We draw
diagonal lines (or + and — signs) to indicate whether the slope is positive or negative in each
interval. Then we apply the First Derivative Test to identify the relative extrema.

(a) f(x)= x’—6x" +9x—1. The domain is all x. The critical points are x =1 and x = 3.

Possible test point derivatives are f”(0)=+9, f'(2)=-3, f’(4)=+9 so the First Derivative Test

states that x =1 is a relative max and x = 3 is a relative min.

Figure 3.13 The critical i i
points split the domain of % i - i %
interest into three intervals. ! ® ! ® !
0 1 2 3 4

b f(x)= Jx . The domain is all x > 0. The only critical point is x = 0. Since this is an

endpoint it is disqualified as a relative extremum. Therefore there are no relative extrema.

2
(© f(x)= ¥+l . The domain is all x except x = 0. The critical points are x = 1 and x = —1.
x

Possible test point derivatives are f'(-2)=+3, f'(-1)=-3, f'()=-3, f'(2)=+2 so the First

4
Derivative Test states that x =—1 is a relative max and x = 1 is a relative min.

/

-~ S+

L

R

{
[\
|
—_
|
ol-
=]
)=




46 CHAPTER 3: Applications of Derivatives

y
We now give a procedure to find absolute extrema. We must l’ ‘\ .
assume that (1) the function’s domain of interest is a closed \y =2
interval and (2) the function is continuous. If either condition | on(=1,1)
is not met then the absolute extrema may not exist. (For \
example in Fig. 3.14 there is no absolute minimum because of 1
the open interval and there is no absolute maximum because .
of the discontinuity.) If both conditions are met then the -1 1
absolute extrema will oceur, either at the critical points or at Figure 3.14 A discontinuous
the endpoints of the domain of interest. function on an open interval

that has no absolute extrema.

Procedure to find the Absolute (or Global) Extrema of a Function

1. Verify that the function is continuous and that the domain of interest is a closed interval [a , b].
2. Find all the critical points of f(x) in the interval [a , b].

3. Calculate the function’s value at the critical points and at the end points.

4

Identify the absolute extrema.

Example 3.11: Find the relative and absolute extrema of the function f (x)=x(x— 4)% on [-3, 6].

Solution: Notice that a negative number to the 2/3 power is a positive number. For example,

2
f(3)= 3((—1)%) =3(=1)’ =3. The function is continuous everywhere.
Relative extrema: Here is the derivative, simplified and expressed as a single fraction:

2x 3(x—4) +2x _ 5x-12

S) =1 (e e (o) = (o) s —=—
3(x—4) 3(x—4)} 3(x—4)
negative exponent

[ ———; | S —
positive exponent single fraction

In this form it is easy to see that the critical points are x = 12/5 and x = 4. Possible test point
derivatives are f’(0)=+2.5, f'(3)=-1, f’(5)=+4.3 so the First Derivative Test shows that

x =12/5 is a relative max and x = 4 is a relative min.
Absolute extrema: Evaluate the function at the critical points and the endpoints:
f(=3)=-11.0, f(24)=33, f(4)=0, [f(6)=95.

We see that the absolute minimum value is —11.0, occurring at the endpoint x = —3 and the
absolute maximum value is 9.5, occurring at the endpoint x = 6.

y
AN A y=x(r=4)’
1 | I | | | 1 10 L
-3 0 2 3 4 5 6
5 5k
Il * Il X
Figure 3.15 For this function the -3 15_2 4 6
relative extrema occur at the critical 5t
points and the absolute extrema
occur at the endpoints. 10}
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Concavity and the Second Derivative
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Definitions:

A function f(x) is concave up in
an interval if all the tangents to the
curve are below the graph of f(x)
in the interval.

Likewise a function f(x) is
concave down in an interval if all
the tangents to the curve are above
the graph of f(x) in the interval.

A point x = ¢ is called an
inflection point or a point of
inflection (POI) if the function is
continuous there and the
concavity changes from down to
up or from up to down.

(b)
N

/(e)\

(®

Figure 3.16 Six intervals. In figures a, b and c the function is
concave up in the interval, and in d, e and fit is concave down.

\\\ — \
(a) (b) (c) (d)

Figure 3.17 Four POI’s where the concavity changes from up
to down. In figures a and d the POl is also a critical point.

Just as first derivative tells us how fast the height of a curve is changing, so the second derivative
tells us how fast the slope of the curve is changing. This means that if /" (x) > 0 for all x in some
interval then the slope is increasing and f'(x) is concave up in the interval. Likewise, if /" (x) <0
then it is concave down. An inflection point is a point where the second derivative changes sign.
Under certain conditions another test for relative extrema is The Second Derivative Test:

Second Derivative Test for Relative Extrema

Given a function f(x), suppose that x = c is a critical point of the type f’(c) =0 and that /" (x) is

continuous in a region around x = ¢. Then:
e Iff"(c) <0 thenx = c is a relative maximum.

e Iff"(c)> 0 thenx = c is a relative minimum.

e Iff"(c)=0 then x = c could be a relative maximum, relative minimum or neither.

Example 3.12: TIllustrate the above points on the function f(x) = x>=3x.

Solution: The first derivative is f'(x)=3x 23, Setting
f'(x)=0 yields critical points at x = %1.

The second derivative is f"(x) =6x. Since /" (x) < 0 for
x<0 the function is concave down in that interval.
Likewise /"' (x) > 0 for x>0 so the function is concave
up in that interval. Since /" (x) changes sign from
negative to positive at x=0, it is a point of inflection.

f"(—1) =—6 so the Second Derivative Test says that
x =—1is arelative max. Likewise /(1) =+6 so the
test says that x = 1 is a relative min. See Fig. 3.18.

¥ y=x"-3x
rel. max.
b !
—1 ~0—/ X
rel. min.
P.O.L
y1<0 yr>0

concave down concave up

Figure 3.18 Concavity and a POI.
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Problem Set 3.3 — Curve Sketching

1. For each of these functions do the following: Find the domain, the critical points and the
relative maxima and minima. Find where the function is concave up and where it is concave
down. Find any points of inflection. Graph the function.

(@)
(©)
(e)

F)=x>=2x+1 b  f)=2x>+3x7+6
f(x)=x4—2x2+2 (d) f(x)=2x+x_2
f)=x(3-x)" ()  fO=x(x-1)"

2. Each of the functions below is defined piecewise and the domain of interest is given. For each
of these functions, do the following: Check that they are continuous on a closed interval. Find all
critical points, relative extrema and absolute extrema. Find where the function is concave up and

where it is concave down. Find any points of inflection. Graph the function.

2x° +3x7 +7, for —2<x<1 2(x—=1)%, for —-1<x<3
@ f) = 2 ®) f() = :

3(x=3)", for1<x<2 7+(x-2), for3<x<5

2(x—=1)*, for —-1<x<3 ) 2(x—=1)%, for —1<x<3
© fe) = 2 @ fe) = 2

8+(x-3)°, for3<x<5 4+(x-5)°, for3<x<5

3.4 Applied Max/Min (Optimization) Problems

Optimization is the search for the best element (according to some criteria) from some set of
available alternatives. We are confronted with optimization problems every day in our lives. For
example suppose that you have two final exams tomorrow and only three hours to study tonight.
In this case the alternatives could be the number of hours spent studying for each exam and the
best alternative could be the one that results in the highest GPA.

We will solve optimization problems by following these steps:

1.
2.

Identify and define all the variables of interest.

Write an equation or formula for the variable to be optimized; call it y. This equation is
called the objective function.

Rewrite the objective function in terms of a single independent variable. This variable
describes the available alternatives; call it x.

Find the critical points (points where dy/dx =0 ) and the endpoints of the objective
function.
One of the points found in step 4 will be the solution of the optimization problem. Check

all the points by plugging them into the constraint function itself, or by applying the first
derivative test, or the second derivative test, or by just using common sense.
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Example 3.13: An internet provider, /, is on one bank of a straight river 200m wide, and wishes
to run fiber optic cable to a secondary distribution network, S, on the other bank 400m
downstream. The cable has to be taken underwater across the river at a cost of $120.00/m. On
land the cost is $60.00/m. What path should be chosen to minimize the total cost?

Solution: Step 1. Identify the quantities of interest. These could be the total cost, call it C; the
length of cable laid underwater, Ly ; and the length of cable on land, Z;.

Step 2. Write down the objective function, which is an equation for the quantity to be minimized.
This is C= 120 Ly + 60 L;.

Step 3. Rewrite the objective function in terms of a single independent variable, x, that describes
the possible alternative paths. This step requires some thinking! First notice that to minimize
cost, the portion of cable that is underwater should be in a straight line. The same goes for the
portion of the cable that is on land. Second, the order of the portions doesn’t change the cost.
The route could be water-land, or land-water, or land-water-land. Let’s arbitrarily choose the
water-land route indicated with the red line in Fig. 3.22.

Now we can look for a variable x that describes - s

alternative paths. Let x be the distance down-stream
where the cable comes out of the water. (Convince
yourself that if the underwater cost was $0/m then the
cheapest solution should be the all-water route with

x =400 and if the land cost was $0/m then the
cheapest solution should be the straight-across-the- Figure 3.22 Minimizing the cost
river route with x = 0. With the costs that were given of a cable laid across a river.
the optimum x should be somewhere in-between.)

200'm

~ o — e ]

In terms of x the length of cable that is underwater is L, =+/x* +200° and the length of cable on
land is L, =400—x . Thus the costis C =120~/x* +200° +60(400—-x).

Step 4: Find the endpoints of the objective function and the critical points (points where
dy/dx=0). Common sense tells us that if x <0 or x > 400 then the cable is longer than required
so x =0 and x = 400 can be taken as the endpoints. The critical points are found by solving the
equation dC/dx=0. This gives

120-5(x* +200°) 7 (2x)-60=0 — 2x=(x*+200°)’ 55 ; x ;
- 4x*=x*+200> > x~1155m
50 | 1
Step 5: Check the cost at each of these points: ($1€00) \
X C e |
0 $48,000
115.5 $44,785
40 1 1 1
400 $53,666 0 100 200 300 400

x (m)
We cpnclude thgt the cheapest cost is achieved by Figure 3.23 Graph of cost vs. x.
crossing to a point 115.5m downstream from /. The dots are the three table values.
Figure 3.23 shows a graph of the cost versus x.

<
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Problem Set 3.4 — Max/Min Problems .

1. A circular ring of radius a is uniformly charged with a
total charge . The force exerted by this charge on a unit
charge located at a distance x from the center of the ring, —* : F
+
.
h

in a direction perpendicular to the plane of the ring, is
given by F =ka(x2+a2)_3/2, where £ is a constant.
Sketch the graph of this function and find the value of x

that maximizes F. Explain in words why the force has a
maximum at all. Figure 3.24 Location of maximum force
on a test charge due to a ring of charge.

+

2. A power supply can be represented by an ideal voltage

Power Supply ; . . . .
AW source of £ volts in series with an internal resistance R,,, .
Rint If a load is connected to the power supply, show that the
El+ maximum power that can be supplied to the load is achieved
- Load % R when the resistance R of the load is chosen to equal the
internal resistance R, of the power supply. (Hint: The
power P dissipated in a resistor R is given by P=i *R, where

i is the current flowing through the resistor. Find the
current ; and then the power P as functions of R. Then
Figure 3.25 Maximum calculate dP/dR to find the maximum. Explain in words
power supplied to a load. why the power should have a maximum at all.

3. Ataprice of $15 an electronics company can sell 500 integrated circuits that cost $7 to
manufacture. For every dollar that the company lowers the price, the number sold will increase by
250. What selling price will maximize the total profit?

4. The strength of a rectangular beam is given by S=cx y3 where x is the width and y is the height
of the beam and c is a constant of proportionality. (We assume that the length of the beam is held
fixed.) Find the proportions (ratio of height to width) of the strongest beam that can be cut from a
given cylindrical log.

5. Background: The intensity of illumination at some point P due to a light source is directly
proportional to the strength of the source and inversely proportional to the square of the distance
from the source to the point P. If there are two sources then the intensity at any point is simply
the sum of the intensities from the two sources. Problem: One light source of strength S, is
located at position x=0 and a second one of strength S, is located at x=L. If S, is 8 times as great
as S, then what point x on the line segment joining these sources receives the least total
illumination?

6. A student is making the case for an electrical instrument. He wishes to make a box with an
open top from a square piece of metal by cutting equal squares from the four corners and turning
up the sides. (The top will be made from something else.) If the piece of metal measures 40 cm
on a side, find the size of the squares that must be cut out to yield a maximum volume for the box.

7. A corridor of width a is at right angles to a second corridor of width b. A long, thin, heavy rod
is to be pushed along the floor from the first corridor into the second. What is the length of the
longest rod that can get around the corner?

8. When an alternating current flows through a series RLC circuit, the impedance Z of the circuit
is given by the formula Z°=R>+(X, - X)’, where X, = wL and X.=(wC) " and where o is the
angular velocity of the alternating current. Find the value of @ which causes the impedance to be
a minimum. (This condition is called resonance. )
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3.5 Related Rates

Suppose that variables x and y are related by some equation and that x is changing with time ¢ at
the rate dx/dt . Then y must also be changing with time, at the rate d y/dt. The two rates are
related by the chain rule

dy _dy dx

= . 3.12
dt dx dt (-12)

Example 3.14: The volume V and the radius r of a sphere are related by the equation V' = %ﬂrS .

If a spherical weather balloon is being filled with helium gas at the rate of 30 m’/s then how fast is
the radius of the balloon growing (a) at the moment when the balloon’s radius is 4 m? (b) when
the radius is 8 m?

Solution: We are given the rate dV /dt=30 m’ /s and we must find the rate d r/dt . These rates

are related by the chain rule
av._dv dr
dt  dr dt

From the given equation V' = %m*3 which relates V" and  we calculate the derivative to be

dV/dr=4zr’. Plugging this into the chain rule we get

a = 4xr’ ﬂ
dt dt

(a) Plugging in the given rate dV /d¢=30 m’/s and the value »=4m at which the derivative must

be evaluated we get

2 dr 4 0149mys.

3 = . —
30m’/s =47z(4m) 17 - 17

(b) Similarly, plugging in the given rate dV /dt=30 m’/s and the other value »=8m at which the
derivative must be evaluated we get

3 2 dr dr
=4 2 27 o, )
30m’/s =47(8m) 17 - 17 0.0373m/s

We see that the radius grows rapidly at first and more slowly as the balloon’s radius increases.
This is illustrated in Fig. 3.26. The vertical arrows represent the rate at which V is growing and
the horizontal arrows represent the rate at which 7 is growing. Note that in this example the rate
of growth of V, not 7, is being held constant. Clearly, the reason r is growing more slowly at the
second point is that the slope dV/dr of the curve is higher there. <

volume V'

Figure 3.26 As a spherical balloon is
filled, the volume V and radius r both
grow. The horizontal arrows represent
the growth rate of the radius. The
vertical arrows represent the growth
rate of the volume.

[a— [ radius

. k di
4 \ 8\—dr/dt:0‘037m/s
dr/di=0149m/s
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3.5a Related Rates and Parametric Curves
Suppose that two quantities x and y are both functions of time ¢.
x=x(t
{ Q (3.13)
y=y()

We can make a graph of y versus x and then (3.13) describes a curve. The two equations in (3.13)
are called the parametric equations for the curve. ¢ is a parameter that describes where we are
along the curve.

Example 3.15: Lissajous Figure. Suppose that y
C E 4

{x:cos(t) !

3.14
y =sin(31) G149

|
|
If we use (3.14) and make a graph of y versus x for 3 {
various values of ¢ then we get the so-called |
Lissajous figure shown in Fig. 3.27. (For example \

\

D

the dots at 4, B, C, ... are obtained by letting
1= 1z 3z sz .. )

-1'B F

Th1§ kind of ﬁgure is easy to display on a dual-trace Figure 3.27 Lissajous figure
oscilloscope using signal generators to produce each described by Eq. (3.14).
of the waves in (3.14).

Now the derivatives dx/dt and dy/dt are rates that describe how fast x and y change with time
t. But suppose that we wish to find the slope d y/dx of the curve. In simple cases it is possible

to solve the two equations in (3.13) (by substitution, elimination, etc.) resulting in a single
equation containing just x and y and eliminating 7. The derivative d y/dx of this equation is the

desired slope. But in more complicated cases this is impossible. In those cases the chain rule,

dy _dy dx
dt dx dt’

can be solved for d y/dx to give the equation

day _ dy_W (3.15)
dx  dx/dt

(3.15) is then used to find the slope of the curve.
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Example 3.16: The x and y coordinates of a rocket’s trajectory at time ¢ are given by
x=10¢
y=100¢—¢
Find the slope d y/dx and the concavity dy/dx* of the trajectory at any time z.

Solution: Fig. 3.28 below shows three graphs. The small graph on the left shows the y
coordinate of the rocket as a function of time ¢#. The small graph on the bottom (laying on its side)
shows the x coordinate as a function of #. The large graph shows y as a function of x; time has
been eliminated. It was produced by calculating x and y values at the various times indicated by
the dots. Each dot on the big graph corresponds to a dot on each of the small graphs. The rates at
which the x and y coordinates are changing with time are dx/d¢ =10 and dy/dt =100-21.

These are the slopes in the two small graphs. The derivative d y/dx, which is the slope of the big
graph, can be gotten from (3.15), namely
dy _ dy/dt 100-2¢

= = =10-L.
dx  dx/dt 10 5

The trajectory’s concavity is the second derivative of the big graph

2
dy_d[dy :i[lo—ij. (3.16)
dx* dx\dx dx 5

Note that (3.16) requires that we take the derivative with respect to x of a quantity that is
expressed as a function of . We can do this by again using the chain rule in the divided form

d (10—1) _dfdio-e/s) -5
5 dx/dt 10

dx

Remark: For this simple example we can easily verify all this by writing y directly in terms of x
as y=10x—x7/100.

y y
2500 (-
Figure 3.28 The smallgraphonthe | § beooommeaoee

left shows the y coordinate of the
rocket as a function of time t.

The small graph on the bottom (laying
on its side) shows the x coordinate as
a function of t.

The large graph shows y as a function
of x; time has been eliminated. It was )
produced by calculating x and y values 100
at the various times indicated by the

dots. Each dot on the big graph

corresponds to a dot on each of the

small graphs.
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3.5b Related Rates Expressed as Percentages

Rates are often expressed in relative terms (i.e. as percentages). For example if a quantity y is
growing at the rate of 12 %/minute, this means that

dy 012 o dyjdr

- = (.12/minute.
dt minute y

Similarly, if a quantity x is decreasing at 15%/second, this means that

dx  —-0.15 dx/dt
= x, or ——

— = s = —0.15/second.
dt second X

We will now show how the basic related rates formula (3.12) can be modified to deal with
percentage or relative rates. Start with the basic related rates formula,

dy dy dx
dt  dx dt’
and divide both sides by y.
dy dy dx
di_ dx_di
y

Notice that now the LHS contains the rate of change of y expressed as a percentage. We would

like to do the same thing on the RHS for x. To accomplish this we won’t divide both sides by x.

Rather, we will leave the LHS alone and multiply the RHS by x/x (i.e. by a UFOO, a useful form
of 1).

dy dy dx

dt  dx dt.f
y

Now we simplify and we have our result. Here, then, is the related rates formula when x and y are
expressed as percentages:

v dx
dt d dt
y dx y X
T T )
percentage relating percentage
rate for y factor rate for x

Example 3.17: The pressure P and volume / of a gas in a certain expandable container are
related by the formula P = 1800V~ 2 If the volume containing the gas is increasing at 3.0 % per
minute then find the rate at which the pressure is changing.

dv/dt dP/dt

Solution: We are given the relative rate

= 0.03/min, and asked to find
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Therefore we must convert the basic related rates formula for P and V,
P _dp dv
dt dv dt’

into the percentage or relative form by dividing both sides by P and then multiplying the right side
by a factor of V/V. The result is

ar av
4 _ (42 V) | 4t (3.18)
P dv P Vv

Now we substitute P = 1800 ¥ ~"? and its derivative d P/d V =1800-(~1.2)V * into the
brackets. We get

dP/dt _ [1800(1.2)7 2. vV _ dv)/dt
P 1800V V
or simply
dpfdi _ ., dVjdi
P ' v
) ) )
percentage rate relating percentage rate
of change of P factor of change of V'
Since M = 0.03/min this means that dP—W =-1.2-(0.03/min) = —0.036/min.

Thus the pressure is decreasing at the rate of 3.6 %/minute.

Related Rates for Power Law Functions: Suppose that y and x are related by the power law
function y=a xP. Suppose further that x changes with time at the relative or percent rate r.

Aegel _ (3.192)
X
Then y is also changing with time, but at the relative or percent rate b-r .
Y _ (3.19b)
¥

For Example 3.17 the exponent in the power law was b=—1.2. Because V' changed at 3 %/min,
therefore P changed at (—1.2)-(3%/min) =—-3.6%/min. The minus sign means that P decreased
at 3.6 %/minute.

Warning: This simple result holds only for power law relationships and no others!
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Problem Set 3.5 — Related Rates

1. The current flowing through a 2 Q resistor is changing with time according to the formula
i=t¥?—¢"? where i is in amperes and ¢ is in seconds. Find the rate at which the power dissipated

in the resistor is changing in watts/sec at /=1. Recall that P=i °R.

2. The equivalent resistance R, of a circuit with two resistors in parallel is given by the formula

R,,=R,R,/(R,tR,), where R and R, are the resistances of the individual resistors. If R, is held
constant at 4 Q and R, is increasing at a rate of 2 Q/s, find the rate at which R, is increasing in

Q/s when R,=1 Q.

3. The impedance Z of a circuit with a resistor and capacitor in series is given by Z =R*+X7,
where R is the resistance of the resistor and X is the reactance of the capacitor. If R is held
constant at 4 Q and X is increasing at a rate of 2 (O/s, find the rate at which Z is increasing in Q/s
when X=8 Q).

4. A 2 meter tall man is walking at 1 m/s along level ground directly away from a light
suspended 3 m above the ground. Find the rate at which his shadow is lengthening in m/s.

5. A solid cube of copper which is being heated is expanding so that each of its linear dimensions
increases at a rate of 4.0%/min. Find the rate at which the volume and the rate at which the area
of a side is increasing, expressed as a percentage per minute.

6. A ladder 4 m long is leaning against a wall and standing on slippery ground. The bottom of
the ladder is sliding away from the wall at the rate of 1.2 m/s. How fast is the top of the ladder
moving down the wall at the moment when the bottom of the ladder is 2.5 m from the wall?

7. A conical tank with its vertex down is 12 m high and 12 m in diameter at the top. Water is

being pumped in at the rate of 4 m’/min. Find the rate at which the water level is rising when the
water is 8 m deep. The volume of a coneis V' =47 r*h , where r is the radius and / is the height.

8. If y=5+"+2¢and x=107>—2 then find dy/dx and d*y/dx* both evaluated at 1=2.
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3.6 The Newton-Raphson Method

The Newton-Raphson method is a numerical method (i.e. a method that uses numbers and a
computer, rather than algebra) for solving for the roots of an equation. It uses the derivative of the
equation. There are three steps to the method:

Step 1 — Convert the equation into a function:

Let the unknown in the equation be called x. Use algebra to move everything over to one side of
the equation. This puts the equation into the form 0=f(x), where f(x) denotes some expression
involving x. Then replace the 0 on the LHS by the variable y. The result is y=f{(x), ie. y is some
function of x.

Let’s illustrate with the following equation which arises when an AC current is applied to an
electric oscillator having a pair of resonance frequencies.

1

(3.20)

We can bring everything to one side of the equation by simply subtracting x from both sides of the
equation to get

0=—+ - X.
b x=35
Then replace the 0 on the LHS by y.
1 1
y=—+ - x 3.21)
X x=35

This is not the only way to convert the equation into a function. Another way is to first clear
denominators in the equation by multiplying through by x(x—5) and then bring everything to one
side. Then the original equation,

becomes
x2(x=5)=1(x=5)+1(x),

or

0=x>—5x>-2x+5.

Now replace the 0 on the LHS by y and we get
y=x>=5x2=2x+5. (3.22)
Either (3.19) or (3.20) can be used but (3.20) is easier to work with because it is a polynomial.

Step 2 — Graph the function and estimate the roots:

Make a graph of the function y=f{(x), plotting y vertically versus x horizontally, and find the
points where the function crosses the x axis. These are the values of x for which y=0 or f(x)=0.
In other words, these are the required roots of the equation. Thus from the graph we can find the
number of roots and their approximate values.
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Y v
4 H 40+
1 1
=—+ -Xx
x x-5
2" \ 20+
L 1 Va 1 1 L 1 a 1 1 1 X

y=x3—5x2—2x+5

Figure 3.29 The roots of Eq. (3.20) are the x intercepts of the functions (3.21) or (3.22).
Although the functions look very different they have the same x intercepts, x ~ -1, x~1 and x=5.

If we plot (3.21) we get the graph on the left of Fig. 3.29 and if we plot (3.22) we get the graph on
the right. Both graphs agree that there are three points where y = 0 at approximately

x =~ -1, x~1 and x=5.

Step 3 — Use the computer to locate the x intercepts with precision:

Now we are ready to go to the computer. There are several computer methods which can be used
to find the roots precisely. Whatever the method, the roots are found one at a time. Previously we
studied the bisection method. Here we will look at the Newton-Raphson method.

The method begins with an initial estimate for the root; call it x,. Use the height y and the slope
dyldx of the curve evaluated at x, to construct a tangent line to the curve at P,. The point where
the tangent line touches the x axis is an improved approximation for the root; call it x,.

Iterate this procedure (i.e. repeat this process). Use x, to get x;, then use x; to get x,, and so on.
Stop when | x,,, —x; |< &, where ¢ is the desired accuracy. In other words, stop when the next

estimate of the root is not much different from the present one. Although this iteration can be
done by hand, it is an ideal task for a computer because of its repetitive nature.

y y(x)

Figure 3.30 The Newton-Raphson method
finds the exact root by using an initial estimate
X1 and a tangent line at x, to get a better
estimate x,, then uses x, to get x;, and so on.
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Formula Connecting x; and x

We will now derive a formula that connects the next approximation for the root with the present
one. Look at Fig. 3.31. The slope of the straight line at P, is

rise y=0

run X, =X,
On the other hand the slope of the curve at P, is dy/dx. Since the line is tangent to the curve at P,
we can equate the slopes. This gives

dy _ _y

dx X =X

Solving for x,,, gives us our desired equation.

Yy
=X — . 3.23
Xiv1 X dy/dx ( )

This formula gives the improved approximation x,,, in terms of the previous approximation x; and
the height y and slope dy/dx of the curve at x;.

¥ slope here

Figure 3.31 Construction used to find
X1, given xi.. The tangent line has the
same slope as the curve at point P;.

Example 3.18: Use the Newton-Raphson method to find V26 accurate to 107,

Solution: Letx=+/26 be the equation we wish to solve. The first step is to construct a function

corresponding to this equation. We don’t want the function to contain the expression J26 since
this is exactly the quantity whose value we don’t know but wish to compute. The easiest thing to do
is to square both sides to give x%=26. Then subtract 26 to get everything to one side, giving x*-26
=0. Now replace 0 by y. So we wish to find where the function y=x2—26 crosses the x axis.

The second step is to graph the function to find how many roots there are, and their approximate
locations. In this case this is not necessary since we know that the graph of y=x2—26 isa
parabola opening upwards and that it crosses the x axis twice; once at x~+5 and once at x~—5.
We are only interested in the positive root.
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The third step is to start with an initial guess for the root and then iterate to find successively
better approximations of the root. The iteration formula which gives the next approximation, x;, ,
in terms of the present one, x;, is

=x - —2
" dyldx

Xit1

For this problem the function is y:x2—26 and its derivative is dy/dx=2x. Both quantities must be
evaluated at x;. Substituting them in gives

Xy =X, — ——. (3.24)

The following Excel spreadsheet shows the approximation x; on the i iteration. We started with
the (terrible) initial guess x,=10.

A B (e D
1 iterationi approximation x; y(x;) y'(xi)
2 0 10 74 20
3 1 6.3 13.69 12.6
4 2 5.213492063 1.180499496 10.42698413
5 3 5.100276249 0.012817821 10.2005525
6 4 5.099019668 1.579E-06  10.19803934
7 5 5.099019514 0 10.19803903
8 6 5.099019514 0 10.19803903

The difference between x and x, is less than 107 (we can tell because the display doesn’t change)
so we can stop with the answer that the square root of 26 is 5.099019514+ 10~°. Here are the
formulas that were entered into the cells:

A B C D
1 iterationi approximation x; y(x;) y'(x;)
2 0 10 =B2A2-26 =2*B2
1 =B2-C2/D2 =B3A2-26 =2*B3
4 2 =B3-C3/D3 =B4n2-26 =2*B4
B 3 =B4-C4/D4 =B572-26 =2*B5
6 4 =B5-C5/D5 =B6M2-26 =2*B6
B =B6-C6/D6 =B7A2-26 =2*B7
8 6 =B7-C7/D7 =B872-26 =2*B8

In order for this program to find a root of any other equation, simply change the formulas in
columns C and D where the function and its derivative are defined.

Problem Set 3.6 — The Newton-Raphson Method

1. Calculate the square root of 90 to an accuracy of 10”° by using the Newton-Raphson method
to find the positive root of the function y:x2—90.

2. Find the three roots of the function y=x3—5x2—2x+5 to an accuracy of 107 using the
Newton-Raphson method. (Hint: See Fig. 3.29(b). To find all three roots use —1, 1 and 5 as your
initial guesses.)
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3.7 Waveform Differentiation

3.7a Waveforms /\ /\ /\

A waveform is a function that repeats itself or cycles \ T \
after a specified period of time. This time, denoted \/ \/ \/
T, is called the period of the waveform. 7 has units

of seconds. The reciprocal of the period is called the
frequency, denoted f. Its units are Hertz or
cycles/second. Fig. 3.32 shows three examples of
waveforms. In each case three cycles of the
waveform are shown. Signal generators are
electronic devices that are capable of generating T

voltage waveforms. discontinuity

Some waveforms have discontinuities. A
discontinuity is defined as an instantaneous jump in
the height of the waveform. It is denoted by a
dashed, vertical line. The last waveform in Fig. 3.32 T
has a discontinuity at the end of each cycle.

Figure 3.32 Examples of waveforms.

Some waveforms change shape several times in a cycle. Mathematically, such waveforms must
be defined piecewise, with each piece valid for a certain part of the cycle. Since the waveform is
periodic (repeats), it is only necessary to give the function for the first cycle. For example the
function for the waveform in Fig. 3.33 below could be expressed as

5t, forO<t<l1

f(t)= { (3.25)

5.5, forl<t<2

This definition, together with the statement that the waveform has a period of 2 seconds, describes
the waveform completely. Whenever required, the function for any other cycle could be found by
shifting the function for the first cycle. For example the function for the second cycle, obtained
by replacing ¢ by -2 everywhere on the RHS of the above formulas, is

5(-2), forO0<t-2<1
f(t)= (3.26)

5-5(-2), forl<t-2<2
which can be simplified to give
5t-10, for2<t<3
15-5¢, for3<t<4
S@®
Figure 3.33 A piecewise-defined waveform. o)

It has period T=2 and the first cycle is defined
piecewise using the formula:

Fan)

5t, forO<t<1
f(t)=
5-5¢t for1<t<2
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3.7b A Waveform Differentiator Circuit

In this section we describe a simple electric circuit

that takes as input a voltage waveform and gives as \|

output the derivative of that waveform. The circuit is /1 %
R

shown in Fig. 3.34. Suppose that nothing is attached v, () Vo (1)
to the output terminals. Applying Kirchhoff’s
Voltage Law to the loop attached to the input

terminals gives

Figure 3.34 A differentiator circuit.
vV, =Vv.+V

out 2

where v_ is the voltage across the capacitor and v, , is the voltage across the resistor. Now do
these manipulations to the equation: (1) take the derivative with respect to time, (2) then use the

fact that for capacitors i=C-dv,/dt to modify the first term on the RHS, and (3) then use the
fact that v, =i-R to modify it again. This gives

dvin _ dvc + dvout

dt dt dt
dv

out

4
C dt

d
=y T (3.27)

Now suppose that under certain conditions the second term on the RHS could be dropped. Then
Eq. (3.27) would become

dv[n Vout
dt RC’
or
v,
v =RC—", 3.28
out dt ( )

and the output voltage would be the derivative of the input voltage (except multiplied by RC).

Under what conditions can the second term in (3.27) be dropped? The answer is whenever the
second term is very small compared to the first term. Now the first term is the output voltage
divided by RC (the time constant of this circuit), and the second term is the rate of change of the
output voltage. Thus we conclude that the second term can be dropped as long as the output
voltage does not change much over a period of one time constant. This can be achieved by using
small enough values of R and C or restricting ourselves to slowly varying input voltages.

3.7c How to Differentiate a Waveform

To calculate the derivative of a waveform it is sufficient to differentiate just the first cycle. This is
because the derivative of a waveform is another waveform. The derivative of all the other
cycles will look the same as that of the first cycle. If f(¢) is the formula for the first cycle then
f'(¢), its derivative, is the formula for the derivative of the first cycle. If required, the formula for
the derivative of any other cycle can be found by simply applying a shift to the formula for the
derivative of the first cycle, as was done in going from (3.25) to (3.26).



Example 3.19: Find the derivative of the
waveform in Fig. 3.35, whose period is 2
seconds and whose first cycle is given by

1+3¢,  for0O<z<1

F(r)=
1+5t-3¢, forl<t<2

Solution: We begin by calculating the
derivative, F'(t), of the above formula

5t,
F'(n)=
5-5t,

for0<t<l1

forl<t<?2
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F(f)

D
N
~

Figure 3.35

This is the formula for the first cycle of the derivative. Any other cycle looks the same as the first
one. A sketch of this derivative is shown in Fig. 3.33.

<

Example 3.20: Find the derivative of the
waveform shown in Fig. 3.36, whose period
is 3 seconds and whose first cycle is defined
as

£, for0<t<l

F(t)=11,
0, for2<t<3

forl<t<?2

Solution: Again begin by calculating the
derivative, F''(t)

3t*, forO<z<l1

F't)=<0, forl<t<2

0, for2<t<3

This is a/most the formula for the first
cycle of the derivative. However it is
incomplete because it does not take into
account the fact that F'(¢) has a
discontinuity at t=2. The slope of F'(¢)
at t=2 is —oo. This is indicated by a
downward spike at r=2 in the sketch of
the derivative in Fig. 3.37. Every
succeeding cycle looks the same as the
first one.

Figure 3.36

F(1)

— 0 — o0

Figure 3.37
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Problem Set 3.7 — Waveform Differentiation

1. Find the derivative of the following waveform. Sketch one cycle and give the formula for one

cycle.
F(1)

10+5¢2, 0<t<l1 207
20t —5¢%, 1<t<2
20, 2<t<3 10
F(t)=
30t-5 =25, 3<i<4
2 L L L L L L
—501+51* +135, 4<t<5 ) 5 3 p 5 P
10, 5<t<6

! |

Find the derivative of each of the following waveforms. In each case sketch two cycles and give
the formula for two cycles.

Q)

(t-1°, 0<t<2 t
2. f(H= .
—-(t-3), 2<t<4
T
S
3
(t=2y -1, 0<t<3
3. f(0= i
(t-4) -1, 3<t<6 3 6 9 2,
:
3L
()
4,
3,
4. f()=~N25-1, -4<t<4 \ |
2t | r !
1,
A t
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Answers, Chapter 3 — Applications of Derivatives

Problem Set 3.1 — Motion in One Dimension, Page 35
1. v=3.75, a=2.375.

2. v=2att=-1/3 and t=2/9. a=0 at t=-1/18.

3. v=28.0m/s.

Problem Set 3.2 — Electricity, Page 41

1 (£+612+2000) A 2. 28.9 mA
3 4.4 mA 4. 9680 V
5. 1 sec. 6. 2 sec.

7 48 V.

Problem Set 3.3 — Curve Sketching, Page 48

1. (a) (b) ©
e domain: (—eo , o0 ) e domain: (—eo , o0 ) e domain: (—eo , o0 )
e CPatx=1 e CPsatx=-1,0 e CPsatx=-1,0,1
e rel. min: x=1, (f(x)=0) e rel. max atx=—1, (f(x)=7) e rel. mins atx=-1, (f(x)=1)
e concave up everywhere e rel. min at x=0, (f(x)=6) and x=1, (f(x)=1)

e concave down for x<—V4, e rel. max at x=0, (f(x)=2)

concave up for x>—" e concave up for x<—3 e
e POl atx=-" c. down for -3~ "#<x<37"

c.up for x>37"
POIs at x=+3 "

10“ 5 r / 10 ;

|
\. o/ \\ 1)

(d) (e ()
e domain: x # 0 e domain: x <3 e domain: x # 1
e CPatx=1 e CPatx=2,3 e CPatx=—1
e rel. min atx=1, (f(x) =3) e rel. max at x=2, (f(x)=2) o rel. min: x=—1, (f(x)==4)
e concaveupx<0andx>0 e concave down for x <3 e concave down for x<—2, up
for-2<x<1,upforx>1
e POl at x=-2
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2. (a) (b)

o limf(x)=lim f(x)=f(1)=12 s0fis o lim f(x)=lim f(x)=f(3)=8 sofis
continuous on [-2 , 2] continuous on [—1 , 5]

e CPsatx=-1,0, 1 (corner at x=1) e CPsatx=1, 3 (corner at x=3)

e relative: max at x=—1, (f(x)=8), min e relative min at x=1, (f(x)=0)
atx=0, (f(x)=7), max atx=1, (f(x)=12)

e absolute: min at x=1, (f(x)=0),
e absolute: min at x=12, (f(x)=3), max at x=5, (f(x)=16)
=1 =12
max atx=1, (f(x)=12) e concave up for —1<x<3 and 3<x<5
e concave down for -2 <x<—1, « No POI

concave up for —%2<x<1 and 1 <x<2

e POl atx=-"2 ”

(© (@)

. Xliﬁrg{f(x)z}iﬂrl}lﬁf(x)zf(3)=8 so fis . Xliﬁrg{f(x)z}iﬂrl}lﬁf(x)zf(3)=8 so fis
continuous on [—1 , 5] continuous on [—1 , 5]

e CPsatx=1, 3 (corner at x=3) e CPsatx=1, 3 (corner at x=3)

e relative min at x=1, (f(x)=0) e relative min at x=1, (f(x)=0),

o absolute: min at x=1, (f(x)=0), relative max at x=3, (f(x)=8)

max at x=5, (f(x)=12) e absolute: min at x=1, (f(x)=0),
e concave up for —1<x<3 and 3<x<5 max atx=—1 and x =3, (f(x)=8)

« No POI e concave up for —1<x<3 and 3<x<5

e No POI
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Problem Set 3.4 — Max/Min Problems, Page 50

1. a/\2 3. 812

4 5. x=L/3

6. 6.67 cm squares 7. (aP+5%%)>?
8. @=(LC)™"

Problem Set 3.5 — Related Rates, Page 56

1. 0 Watts/sec. 2. 1.28 Q/sec.

3. 1.79 Q/sec. 4. 2 m/sec.

5. 12%/min and 8 %/min. 6. 0.961 m/sec.

7. 0.0796 m/min. 8. dy/dx=0.183, a’zy/a’x2 =-8.33x107".

Problem Set 3.6 — The Newton-Raphson Method, Page 60
1. 9.486832980
2. —1.085531716, 0.885826735, 5.199704980

Problem Set 3.7 — Waveform Differentiation, Page 64

F/(1)
S/
\/o(
1. Ja | | !
~ 1 2 3 4 5 6 !
\)’0 (,)Q
\/0 Q\/
T \
) 3(-1)?, 0<r<2
(0= :
=3(t-3)", 2<t<4
2. t

, 3(:-5)7°, 4<t<6
f(f)={ ,
3(t-7), 6<t<8




68 CHAPTER 3: Applications of Derivatives

, 2t—4, 0<t<3
S (0=

2t—-8, 3<t<6
3.
, 2t—16, 6<t<9
f(0)=
2t-20, 9<t<l12
, —t
f()=——, —4<t<4
251
4.

4<t<l12

(¢ :;’
7o 25— (t—8)>

-4
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