
48 CHAPTER 2:  Systems of Linear Equations 

Something similar happens when using Gauss or Gauss-Jordan elimination.  If the system is 
redundant, then at the end of the elimination procedure, when we have the augmented matrix in 
Gauss or Gauss-Jordan form, the last row of the augmented matrix will be 
 

 
0 0 0 0

    
 
  

 

 
This last row represents the equation 0 = 0, a useless piece of information.  If the system is 
inconsistent then the last row of the augmented matrix will look something like this: 
 

 
0 0 0 5

    
 
  

 

 
The last row represents the equation 0 = 5, a contradiction. 
 
 
Problem Set 2.2 – Gauss and Gauss-Jordan elimination 
 
Solve the following systems by either Gaussian or Gauss-Jordan elimination: 
 

1. 

3 9 12 45

4 9 10 36

2 2 1 4

x y z

x y z

x y z

  
     

    

 2. 

5 5 5 40

2 0 6 20

1 4 8 7

x y z

x y z

x y z

  
     


  

 

 
 

3. 

2 4 6 4

1 5 9 2

2 1 3 7

x y z

x y z

x y z

  
   


  

 4. 

4 8 4 80

2 1 4 7

3 1 2 22

x y z

x y z

x y z

  
   


  

 

 
 

5. 

2 2 4 22

3 6 18 102

3 4 12 66

x y z

x y z

x y z

  
     

    

 

 
 
 
A Visual Basic Program for Gauss-Jordan Elimination 
 
On the next page is Visual Basic code that is designed to run inside Excel and do Gauss-Jordan 
elimination.  Follow these steps: 

 Enter the code into Excel by following the instructions on page 32. (the first four bullets)     

 Enter an augmented matrix in the upper, left corner of a spreadsheet.   

 On the Developer tab in Excel click Macros and run the macro called Gauss_Jordan.  A 
dialog box asks the size of the system.  Then the program carries out the steps of the 
Gauss-Jordan method and replaces the original matrix with the row-reduced matrix.   

erich
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Sub Gauss_Jordan() 
 
    Dim Row As Integer, Col As Integer, K As Integer, N As Integer 
    Dim Pivot As Double, Temp As Double, Multiple As Double 
 
    N = InputBox("What is the system's size, N?") 'This problem has N equations in N unknowns. 
     
    For Col = 1 To N                             'Col is the index of the present (pivot) column. 
        MsgBox "Start working on column " & Col 'This loop runs over the columns. 
        For Row = Col To N 
            If Cells(Row, Col) <> 0 Then GoTo 1 'Find a candidate for the pivot element. 
        Next Row 'When one is found we can get started. 
                                                
        MsgBox "ERROR - No unique solution"  'Quick exit:  The present column 
        Exit Sub      'is full of zeros, so there is no solution, so quit. 
         
1:      If Row <> Col Then                       'If the candidate pivot is not already on the  
            MsgBox "Pivot up row " & Row         ' diagonal then pivot up its row. 
            For K = 1 To N + 1 'i.e. do ERO # 3. 
                Temp = Cells(Row, K) 
                Cells(Row, K) = Cells(Col, K) 
                Cells(Col, K) = Temp 
            Next K 
        End If 
         'do ERO # 1 to put a 1 in the diagonal (pivot) element. 
        Pivot = Cells(Col, Col) 
 
        If Pivot <> 1 Then 
            MsgBox "Apply ERO # 1 to row " & Col 
            For K = 1 To N + 1 'Run through all the elements in the row. 
                Cells(Col, K) = Cells(Col, K) / Pivot ' [ ERO#1 ] 
            Next K 
        Else 
            MsgBox "Can skip ERO # 1 on row " & Col 
        End If 
         
         'do ERO # 2 to put 0's in each spot above and below the diagonal element. 
        For Row = 1 To N 
            If Row <> Col Then 
                Multiple = Cells(Row, Col) 
                 
                If Multiple <> 0 Then 
                    MsgBox "Apply ERO # 2 to row " & Row 
                    For K = 1 To N + 1 'Run through all the elements in the row. 
                        Cells(Row, K) = Cells(Row, K) - Multiple * Cells(Col, K)  ' [ ERO#2 ] 
                    Next K 
                Else 
                    MsgBox "Can skip ERO # 2 on row " & Row 
                End If 
            End If 
        Next Row 
    Next Col 
     
    MsgBox "Done!  Answers are in the last column." 
End Sub 
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Fig. 2.5 shows an example.  (It is in fact Example 2.6.)  Note that the code defines subroutine 
Gauss_Jordan as a Sub rather than as a Function.  This means that it has to be run as a macro 
rather than by typing “=Gauss_Jordan” into a spreadsheet cell.  Also note that to stop the display 
of the message boxes we can just comment them out or delete them. 
 
 

    
 
 
 
 
 

2.1e  Determinants and Cramer’s Rule 
 
Cramer’s rule is another method of solving systems of linear equations.  It uses determinants.  A 
determinant is a value associated with a square matrix.  It can be calculated from the elements of 
the matrix using only the operations of addition, subtraction and multiplication.  It doesn’t involve 
division so it avoids fractions and is convenient for hand-calculations.  Unfortunately determinants 
get much harder to calculate for larger matrices so Cramer’s rule is only practical for solving small 
systems of equations, say with 3 equations or less. 
 
Recall that a matrix is a rectangular array of numbers.  A square matrix is one that has the same 
number of rows as columns.  The size of a matrix is specified by stating the number of rows x the 
number of columns. (Note! specify rows first, then columns.)  An element of a matrix is specified 
by giving the matrix’s name, followed by two subscripts; the first giving the row number and the 
second giving the column number. 
 
 
Example 2.8:  Matrix A is a 4 x 2 matrix (it has 4 rows and 2 columns) and B is a 2 x 3 matrix   
(2 rows and 3 columns).  Two of the elements in matrix B are B13 = 3  and  B21 = 4. 

 

 

1 2

3 4

5 6

7 8

A

 
 
 
 
 
 

 
1 2 3

4 5 6
B

 
  
  

 

 
 
Only square matrices have a determinant.  The determinant of a square matrix is a unique number 
calculated from that matrix.  It is denoted by det A or |A| or by putting the matrix’s elements inside 
vertical bars.  For a 2 x 2 matrix the formula for the determinant is very simple: 
 
 

The determinant of a 2 x 2 matrix 
11 12

21 22

A A
A

A A

 
  
  

  is denoted and defined as 

 

 
11 12

11 22 12 21

21 22

notations definition

det
A A

A A A A A A
A A

     

 
 (2.10) 

 

 (a) (b) 
 
Figure 2.5  An example of the use of the Gauss-Jordan program of page 49.  (a)  The initial 
augmented matrix.  (b)  The resulting row-reduced matrix after running the macro with size N = 3. 
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